THEORIES WITH A FINITE NUMBER OF MODELS IN AN UNCOUNTABLE POWER ARE CATEGORICAL ALISTAIR H. LACHLAN
In this paper are considered complete, countable, firstorder theories which have a finite number of models in some uncountable power. It is shown that any such theory is either (^-categorical or ωi-categorical. This confirms a conjecture of W. K. Forrest.
Some of the background of this theorem is as follows. Shelah has shown that every non-ω-stable theory has infinitely many models in every uncountable power. A proof of this will appear in Shelah [9] . Thus here we may confine our attention to ω-stable theories. In [7] Shelah showed that a non-αvcategorical, ω-stable theory has si | α + 11 models in power fctα Another proof of the same result was published by Rosen thai [6] . Thus the only uncountable cardinals tc in which a complete countable theory can have a finite number of, and at least two, models are the \ξ n for 1 < n < ω. The methods used in this paper come from Baldwin and Lachlan [1] and from several works by Shelah. 1* Preliminaries* Most of our notation is patterned on [8] . An additional notation used here is <p (M, a) for the set of solutions of the formula φ(x, a) in the structure M. Also, if Ac|M| by cl(A) we mean the union of all finite subsets of M definable using parameters from A. We call cl(A) the algebraic closure or simply closure of A. The reader will require some knowledge of the theory of strongly minimal sets such as may be found in [1] .
Let M be a structure. A formula φ(x, a), a e M, is called strongly minimal if it has an infinite solution set in M and for every elementary extension M' of M, formula ψ(x, y), and beM', one of the formulas φ(x, a) Λ ψ (x, b) and φ(x, a) Λ -ι ψ(x, b) has a finite solution set in ikf'
A formula φ(x, α), ae M, is called co-categorical if its solution set is infinite and for every n < ω there are at most a finite number of w-types over Rng a realized by ^-tuples in the solution set of φ (x, a) .
If Th (M) is superstable, φ(x, a) is ^-categorical in M, and Ac Iilf I is finite, then φ(x, a) is also ω-eategorical in W the expansion of M obtained by adjoining names for the members of A.
This follows from the following definability result: Let Ύh(M) be super stable, be M, and A be a subset of \M\ definable without parameters, then there exists ce A such that if φ(z, y) is any formula with lh (b) = lh (y) then some equivalence relation ^ on M is definable from c such that A/ξ? is finite and A Π φ{M, b) is ^-closed.
We shall not prove this here. A stronger theorem in which A need not be definable will appear in [9] . Besides, if one looks closely at the proof of our main theorem it is apparent that we can avoid using the fact that an ω-categorical formula remains ω-categorical when a finite number of elements are named.
In passing we note that if φ(x, a) is ω-categorical in M and Th (M) is stable it may not be the case that φ(x, a) is ω-categorical in every inessential expansion of M. For example, consider the case in which the language consists of binary relations R o , B u . Let \M\ = ω[J ω ω and for i < ω let Rf{a,b) hold just if ae ω ω and a(i) = b. Then Th (M) is stable and 3yR 0 (y, x) is α)-categorical in M but not in M' obtained by adjoining a name for a member of ω ω which has infinite range.
If φ(x, a) is an s.m. formula in M, its dimension in M denoted dim (φ, (x, a) 
, M) is the cardinality of a minimal set Aaφ(M, a) such that φ(M, a) c cl (A U Rng a).
From the theory developed in [1] the choice of A makes no difference. Likewise we talk of independent sets of solutions of φ{x, a), of a basis for φ(x, a) in a particular model and so on. We adjoin names for the members of a and then use the definitions already made for formulas without parameters. We call φ(x, b) a copy of φ(x, a) if 6 realizes the same type as α.
All theories considered are assumed to be complete and countable.
2* Stability and strongly minimal formulas* In this section are presented some lemmas which will be useful for the proof of the main theorem. Most of the lemmas have been proved in a more general context than is necessary for their application in this paper. This is because of our continuing interest in the theory of stability in general and strongly minimal formulas in particular. LEMMA This can be proved using the same technique as in the proof of Lemma 7 of [2] . In the application we make of this lemma M is the prime model and φ(N, a) Π | M | = 0 is satisfied because φ(x, a) has no solution realizing an isolated type over 0.
A Proof. Since φ(x) has the Vaught property and T is stable there exists an arbitrarily large model M of T with | φ(M) \ = o). This is immediate from the extension theorem of [2] . By Theorem 3.1 of [7] if such M is sufficiently large it contains a subset I of power ω indiscernible over φ{M).
We shall first establish that cl (I) Π φ{M) has finite dimension. For proof by contradiction suppose the contrary. From Theorem 6.13(A) of [8] it is clear that if ί o cJ is finite then cl (7 0 ) Π ψ{M) has finite dimension. Also from the indiscernibility of I over φ{M), cl (7 0 ) Π φ{M) depends only on \I 0 \. Let e 0 , e lf be an enumeration of a basis of cl (I) Π <p(M), and a 0 , a u be an enumeration of I. For each n < ω let m(n) be the least number such that {β 0 , e ly , e n }a cl {a 0 , a u , a m{n) ). It is clear that m(n) is nondecreasing and unbounded as n increases. Since it will simplify the notation without materially affecting the argument we shall suppose that m{n) -n. Let θ n (x, a Q , a u , a n ) be a formula with only a finite number of solutions one of which is e n . Let ψ n (x) denote the formula:
Notice that e n+ί , e n+2 , all realize the same type over {e t \ i ^ n) U {α^: i^n}. By suitable choice of θ n+1 for any sufficiently large finite wczω
, a n , x): mew} .
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Thus the formulas ψ n (x)Aθn+i(e m , α 0 , , a n9 x) for m = n +1, n + 2, which all have the same degree in the sense of Shelah [8] , and the first of which is φ n+ί (x) , witness that Deg ψ n+ι < Deg ψ n . This contradicts the superstability of T by Corollary 6.10 
a if 60 is consistent with >ω members of S(M(nt)) and θ i+ι (x 9 c i+1 ) implies ψt(x 9 a i9 6*)-
The only part of the construction which is not straightforward is the choice of α 4 . Suppose the triples prior to {θ t (x 9 c% n t9 a^ have all been suitably chosen, and that θ t (x 9 c*) and n t have been chosen so that (i)-(iv) are satisfied. Call a formula χ(x, a) good if its parameters are in M(ni) 9 it implies θ t (x 9 c i ) 9 and 
The former case holds if and only if there is a formula χ(x, y) such that the following are valid in T: χ(x, y) -> φ(χ) A φ(y), i <ω y{χ(χ, y) A f(y)) and 3-ω y3xχ(x, y).
Proof. To prove the first part of the lemma we attempt to construct M'. 
To see this we apply the theorem of Shelah just cited taking A to be φ(M) U ψ(M), φ(x, y) to be θ (x, y, z) where z plays the role of x and (x, y) the role of y, and p to be the #-type of c. Since both φ(x) and ψ(x) have infinitely many algebraic solutions there is a formula τ(z') with a finite nonempty set of solutions any of which will serve as c'. The parameter less formula 32'(r(δ') Λ *'(»> y 9 5')) defines a correspondence between the solution set of ψ(x) and the solution set of φ{x). The correspondence is finite-one in both directions, all but a finite number of solutions of ψ(x) have mates in φ(x) and vice versa. In a given model of T let X be a basis of ψ(x). Form Y by choosing for each e in X one of its mates under the correspondence to be a member of Y. It is easily seen that Y is a basis of φ(x) and that its cardinality is necessarily the same as that of X. This shows that the lemma is true when ψ(x) has a solution in
There remains only the task of showing that φ(M') is cl (φ(M) U {6}, M'
). This is immediate from the application of Lemma 1 by which M was formed. We just take φ(x, y) in the statement of the lemma to be φ{x) Λ x Φ y 0 -
The second part of the lemma is immediate from the discussion above. We can take χ(x, y) to be 3z'(τ(z') Λ θ '(x, y, z') ).
Let φ(x, a) and ψ(x, b) be two s.m. formulas in a model M of T. Adjoin names for the members of Rng(α n 6) and then names for suitable members of φ(M, a) and ψ (M, b) in such a way that if Aa\M\ is the set named, then | A | <; ω, A is prime over Rng (α n &), and
Let M' be the resulting expansion of M, and T be the corresponding extension of T. We say that φ{x, a) and ψ (x, b) are linked if and only if in every model of T they have the same dimension. Note that this definition is independent of the way in which M! is formed.
Clearly, if φ(x, a) and ψ(x, b) are linked then in any model of T containing a and 6, φ(x, a) and ψ(x, b) have the same dimension modulo ω. The following may easily be deduced from the last lemma. Since it is useful we state it explicitly and leave the proof to the reader: LEMMA Proof. Without loss of generality we may assume that each Ψi{x) contains infinitely many algebraic elements. Choose A o , , A nŝ uch that for each i < n, A t is an independent set of solutions of (Pi{x) and | A t | = fc. We now form a model M of T including A -A o U U -A Λ _! using the same technique which yields Lemma 1. 
Let φ(x) and ψ(x) be s.m. formulas of a stable theory T. Let T be an inessential extension of T. If φ(x) and ψ(x) are linked in T they are linked in T.
Proof. We may suppose that F is the identity on φ ( A prime model ikf* of Γ* exists because T is ω-stable. The reduct of ikP to the language of T is the desired model M. One has to verify that if χ is a formula of T such that 3z(χ(α, 6, z) Λ φ(z)) is a theorem of T*, where άelΛfJ -|iV| and δeilί 0 , then χ(α, 6, c) is a theorem of T* for some c e φ(N). Using the theorem of Shelah quoted above let % 0 (y) and χ x {y, z) be formulas with parameters from N such that for
From the definition of Γ* since 3^(Z(α, 6, a;) Λ 9>(^)) is a theorem, we have 1= X 0 (b) in ilί 0 whence there exists c in 2>(ikf 0 ) such that f= Z^δ, c) in Λf 0 . From the definition of T* again we have %(α, b, c) A φ(c) a theorem of T* as required.
Let 
while if one were finite and the other infinite we would have an infinite indiscernible set contained in the closure of a finite set which would contradict the superstability of T. 
be a formula containing at most parameters from α° and the free variables indicated such that, if c n c' is an independent sequence of length 2n in φ(M, α°) with lh c = lh c' = n, then t= π(c, c'). Then c, c' can be found in φ(M, a Q ) such that \= π(c, c') and cκc f .
Towards establishing the proposition we make two observations. Firstly, if i < j and e* is independent in φ(M y a 1 ) then there exists ''*) elements el~* 9 , β£i*i %-related to < •• ,βi» 1 , respectively. Further e*~* = (ei~\ , βίii> is independent because no term is in the algebraic closure of those preceding it. Secondly, notice that there exists k < ω such that for every i at most k members of φ(M f a*) have no %-predecessors in φ (M, a 0 ). To prove the Proposition consider a fixed formula π(x, y) satisfying the hypothesis for which the conclusion fails. Let Iaω be infinite and m < ω be given. From the Proposition by compactness we can obtain M* ^ M a* and a" in M! realizing the same type as α, and an independent sequence (c i :i<ω) n (c' j :i<ω) in φ(M',a°) with the following property. There exist sequences <e : i < ω) and (eί' i < ω) in ^(.M, α') and φ(M, a") respectively such that <c € : i < ω> is %-related to <β : i < α>>, <e : i < ώ) is Z-related to <β": i < ω> and <c : ΐ < ω> is Z-related to <β": i<ω).
Again the notion of Z-relatedness is extended to the present context in the obvious way. Let α° and <c έ : i < ω) be fixed. We describe the relationship between ά', a" and <(<?' : i < a)) by saying that α' n α" permits <c : i < ω>. Given two copies of φ(x, a) and a solution c of one there are at most a finite number of c' in the second copy to which c is X-related. Also for all but a finite number of c' in the second copy there are only a finite number of c in the first which are Z-related to c'. Thus if I CI ^ λ, b n b' permits at most 2 ω + λ sequences in C. Choose λ such that λ ω > λ ^ 2 ω and M to be λ + -saturated. Choose CS φ(M, 6°) such that I C\ = λ and C is independent over <c*: ί < ω>. There are λ ω sequences {cj: i < co) in C which have no repetitions and which thus make <c έ : i < ω> n <c : i <ω) independent. Each one is permitted by some 6 n P and at most λ are permitted by the same δ n δ\ Hence over (Rng 6°) \J {c t :i < ω}\J C there are at least X ω types realized by 2^-tuples δ n δ' in M r . This contradicts the super stability of T and completes the proof of the lemma.
3* The main result. We prove:
THEOREM. Let T be countable, ω-stable, and neither ω-categorical nor ω r categorical. Then T has ^ ω models in every infinite power.
Proof. As in [3] we work within a highly saturated model M of T. Let φ(x, a) be an s.m. formula. Note that it may be impossible to choose a in the prime model. The proof splits into two cases according as φ(x, a) is α>-categorical or not. In the former case we modify the proof given in [3] . In the latter case we can distinguish enough different models by examining the dimensions of various copies of φ(x, a) .
Until further notice let φ(x, a) be ω-categorical. Let a realize an Z-type p Q . Since T is not ω-categorical assume without loss of generality that T has infinitely many 1-types. Choose ψ(x) of least rank and degree in the sense of Morley such that ψ(x) belongs to infinitely many distinct 1-types. By an observation of Shelah ψ(x) can be chosen such that: there is a formula ε(x, y) defining an equivalence relation on ψ(M), φ(x) is equivalent to lyε(x, y), if 1= ^(α) then ε(x, a) has rank a and degree 1 where a denotes the rank of ψ(x), and the equivalence classes are indistinguishable in the sense that for any formula X(x)
N VxVy(lz(Φ, z) A X(z)) A e(y, y) > Zw(e(y, w) A X(w))) .
Fix an infinite power tc and n < w. We now describe a model 
(/c, ri) U I(tc, ri) U (J(κ, ri) -{a}) is nonalgebraic. M(tc, ri) is to be a model prime over Rng a(fc, n) U I(fc, ri) U J(κ, ri).
Observe that I(tc, n) is a subset of the solution set of ε(x, a o (/c f n)), a formula of rank a and degree 1, whence I(/c, n) is indiscernible over Rng ά (/c, n) . To see that in fact I(/c, ri) can be suitably chosen note that we can find b^tc, ri) such that for each i < ω | = ε (bi(ιc, ri) , a o (fc)) and b^tc, ri) realizes a type of rank a over {bj (/c, n) : j < i) U U Rnga(/r, ri). Because for each ί there is only one such type containing ε (x, a o (/c, n) ) the sequence <&*(£, ri): i < ω) is indiscernible over Rng α (/c, ri) . Since the theory we are dealing with is stable, the set {bi (/c, ri) One should bear in mind here the indistinguishability of the ε-equivalence classes.
The following claim will enable us to complete the first half of the proof of the theorem: i+1 realizes an isolated type over Rng(α on δ°). Recall that ψ(x) was chosen to have least possible rank and then least degree subject to there being infinitely many 1-types containing ψ(x). Since the type of δ ί+1 over 0 has rank a it cannot be isolated. From Lemma 2 it follows that δ ί+1 realizes a type of rank <a over Rng(α on δ°). Now choose δ ί for each i, ω ^ i < 2ω, such that t= ε(δ*, δ 1 ) and δ ί realizes a type of rank a over Rng (ά on δ°) U ψ\ 0 < j < i). Using once again the argument by which we showed I(n, ft) exists, we see that {b j : 0 < j < 2ω} is indiscernible. But α on δ° determines a partition of {b j : 0 < j < 2ω} into two infinite sets, since δ Let ((X if mi): i < (o) be an enumeration of all pairs which might link two copies of φ (x, a) . Notice that it is sufficient to prove that there exists j < ω such that any two linked copies are linked by (X tf m*> for some i ^ j. For proof by contradiction suppose no such j exists. Then in any (^-saturated model we can find a sequence (φ(x f a*):i < ω) of copies of φ(x, a) such that for each i, <p(x, α°) and φ(x, α*) are linked but not by any pair (X k , m k ) with k ^ i. Observe that for each i and j there exists i' such that if k ;> V φ(x, a 1 ) and φ(x, a k ) are not linked by any pair with subscript ^j. By the compactness theorem (A) holds. This contradiction completes the proof of (B).
We have an s.m. formula φ(x, a) which has infinitely many algebraic solutions. If φ{x, a) does not have the Vaught property then by Lemma 4 T has an inessential extension which is ω Γ categorical. However, any theory which has an cy Γ categorical inessential extension is itself αvcategorical; one can see this from the remark at the end of § 2 in [1] . Thus we may suppose that φ(x, a) has the Vaught property. Let /c > ω be given. From Lemma 3 T has a model M of power K containing α such that φ(x, a) has finite dimension in M. Define j(M) to be the greatest n < ω such that some copy of φ(x, a) in M has dimension n and to be undefined if there are no copies of finite dimension. Prom Lemma 10 any linked copies of φ(x, a) in M have the same dimension, and since (A) fails the number of pairwise unlinked copies of φ(x, a) in a model is finite. Thus j(M) is well defined whenever there is some copy with finite dimension. Let {e 0 , , e m } be a set of solutions of φ(x, a) independent over I AT I, and let M' be prime over | M\ (J {e Q9 , e m }. It is easy to see that φ(x, a) has finite dimension > m in M'. Hence j(M') > m and I MΊ = tc. From this it is clear that there are infinitely many nonisomorphic models of power K. This completes the proof of the theorem. 4* Concluding remarks* As mentioned in the introduction our theorem together with a result of Shelah confirms the conjecture of W. K. Forrest that any countable theory having a finite number of models, but more than one, in an uncountable power is ω-categorical. Forrest also conjectured that such theories have only a finite number of models in each power it, fc$ 0 < & < M« We have verified this. A question which is not so precise concerns the structure of such theories. In some sense every known example can be seen as a combination of a finite number of theories categorical in every infinite power. Can this idea be formalized and be demonstrated for all such theories?
